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Abstract 

We illustrate from the viewpoint of braiding operations on WZNW conformal blocks how 
colored HOMFLY-PT polynomials with multiplicity structure can detect mutations. As an 
example, we explicitly evaluate the IT-colored HOMFLY-PT polynomials that distinguish a 
famous mutant pair, Kinoshita-Terasaka and Conway knot. 
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1 Introduction 

A knot is an embedding of a circle in three-dimensional space up to ambient isotopy. Two 
knots are regarded topologically equivalent if one knot can be continuously deformed into 
the other knot without cutting itself. Knots are such complicated objects that, even with 
current technique in algebraic topology, it is hard to decide if two knots are topologically 
equivalent. To address this problem, a number of topological invariants of knots have been 
introduced. Among them, Jones has discovered a significantly powerful knot invariant, called a 
Jones polynomial |6]. It turned out that the Jones polynomial can be naturally understood in 
the framework of quantum physics. Witten has proposed a formulation of the Jones polynomial 
as an expectation value of Wilson loop in Chern-Simons theory [26] . Inspired by Witten’s work, 
numerous quantum knot invariants have been constructed. In particular, Witten’s formulation 
reveals the relation of quantum knot invariants with the two-dimensional WZNW model. By 
means of braiding operations on Qk WZNW conformal blocks, one can construct quantum 
knot invariants colored by a representation R of g [22] . Jones, HOMFLY-PT and Kauffman 
polynomials are indeed associated to sl(2), si (N) and so/sp(A) quantum knot invariants with 
the fundamental representation, respectively. 

The quantum g knot invariants are very powerful and it is an important problem to under¬ 
stand whether they can distinguish mutant knots. A mutant pair [3] is obtained by performing 
a 180° rotation about the horizontal axis (M x ). the vertical axis (M y ) or the axis perpen¬ 
dicular to the paper (M z ) on any two-tangle of a knot I\. Note that the rotations are not 
independent so that M z = M x M y (Figure [TJ) . It is well-known that many topological invariants 
cannot distinguish a mutant pair. In fact, a mutant pair shares the same uncolored Jones, 
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Figure 1: Mutations on a two-tangle. Two out-going and two in-going orientations should be added 
to four strands appropriately. 


HOMFLY-PT and Kauffman polynomials. Moreover, it is shown in [ 13] that quantum g invari¬ 
ants colored by a representation R cannot distinguish mutant knots if a tensor product R® R 
is multiplicity-free, i.e. the tensor product decomposes into irreducible representations with 
no repeated summands m Theorem 5]. Among mutant pairs, Kinoshita-Terasaka Kkt and 
Conway Kq knots are the most famous example (Figure [2j. Even though Khovanov homology 
can distinguish some mutant links, Kinoshita-Terasaka and Conway knots have the same Kho¬ 
vanov homology |25j . On the other hand, Morton and Cromwell have shown that fp-colored 
HOMFLY-PT polynomials can detect this mutant pair by directly evaluating the difference of 
invariants of their satellites [13] . In fact, the tensor product of mixed (non-rectangular) repre¬ 
sentations such as R = fP gives some irreducible representations more than once (multiplicity), 
and the multiplicity structure plays a pivotal role to detect mutant pairs. Therefore, taking 
031 Theorem 6] into account, Ep-colored quantum sl(lV) invariants can distinguish the mutant 
pair only for N > 3. 

From the viewpoints of the cabling method [HEEL] and the Reshetikhin-Turaev construc¬ 
tion nn, the reason why quantum knot invariants with multiplicity structure can detect a 
mutation is explained. On the other hand, the explanation has not been given yet directly in 
terms of WZNW conformal field theory although the approach from braiding operations on 
conformal blocks is equivalent to the Reshetikhin-Turaev construction [24] (Drinfel’d-Kohno 
theorem) 0 In this paper, we shall account for the reason why colored HOMFLY-PT polyno¬ 
mials with multiplicity structure can distinguish mutant knots from the viewpoint of WZNW 
model. Recently, Gu and Jockers have carried out impressive calculations of fusion matrices 
(quantum 6j-symbols) for the representation g? [3]. It turns out that the properties of quantum 
6j-symbols with multiplicity are different from multiplicity-free cases |9J [19j. In particular, 
signs called 3j-phases play a crucial role for the detection. As an example, we explicitly com¬ 
pute the T-colored HOMFLY-PT polynomials for Kinoshita-Terasaka and Conway knots by 
introducing three-boundary states with multiplicity indices in addition to the results in [J]. 

The plan of the paper is as follows. In section 2, we will briefly discuss the relation between 
Chern-Simons theory, WZNW model and knot invariants with multiplicity. Then, realizing 
the mutations for M x and M y by braiding operations on a two-tangle, we will show how the 
multiplicity structure can detect the mutations. In section 3, we shall show that the jp-colored 
HOMFLY-PT polynomials of Kinoshita-Terasaka and Conway knots are indeed different by 

lr The explanation in |23| does not deal with the multiplicity issue properly. Therefore, it is only applicable to 
multiplicity-free cases. 
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explicit computation. We also attach a mathematica file for this computation to the arXiv 
page as an ancillary file. 



Figure 2: The famous mutant pair: Kinoshita-Terasaka (left) and Conway (right) knots. The two 
knots are transformed each other by the mutation M y (or M z ) on the shaded two-tangle region. 


2 Multiplicity can detect mutations 

To be self-contained, we shall briefly review the relation of Chern-Simons theory, WZNW model 
and quantum knot invariants. We refer the reader to [TO] for precise mathematical formulation 
and we mostly follow the notation of [3] in this paper. We consider SU(N ) Chern-Simons 
theory on S' 3 

S = —[ Tr(AAdA+-AAA/\A) (1) 

47t Jg a V 3 J 

where k G Z is a Chern-Simons level. Witten has formally constructed a quantum knot invariant 
as the expectation value of a Wilson loop Wr(K) = Tr^fPexp <f A] along a knot K carrying 
representation R 

W R (K) := (W R (K)) = . (2) 

Since the action ([!]) is independent of the metric of S' 3 , it is a typical example of topological 
quantum field theories of Schwarz type. Therefore, although the expression ([2]) is given by a 
Feynman integral over an infinite dimensional moduli space of gauge connections on S 3 , the 
techniques of topological quantum field theories can be used to evaluate (j2j exactly. To this 
end, we decompose the three-sphere with a Wilson loop into a collection of three-manifolds with 
S 2 boundaries with marked points due to the Wilson loop. Then, the Chern-Simons partition 
function on a three-manifold with boundary (S 2 ,p\,--- , p n ) turns out to be an element of 
quantum Hilbert space on the boundary, which is isomorphic to the space of ?r-point sl(N)k 
WZNW conformal blocks [26] , Using this relation, the expectation value of a Wilson loop 
can be evaluated by braiding and fusion operations on sl(N)k WZNW conformal blocks. The 
outcome is indeed a Laurent polynomial with respect to q = exp and the substitution 

< 7 A ' = a leads to a two-variable knot invariant, a colored HOMFLY-PT polynomial of a knot. 

For braiding operations, the basic building blocks are four-point conformal blocks. It is 
well-known that there are two bases for four-point conformal blocks that can be schematically 
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depicted as follows: 



\^r 3 r 4 ( R U -^ 3 , Ri)) , 



l^ 2 rir 2 (' R l> -^2, -^3, -^4)) 

(3) 


Here, the WZNW primary fields are labelled by representations Ri of si (N)k and the in¬ 
termediate states obey the fusion rule, i.e. t E ( Ri <S> R2) H (R 3 © -R 4 ) in the first base 
|<^ j 1 r ' ) 3 ? , 4 (i?i, -R21 R3, Ri)) an d s € (i? 2 < 8 >-R 3 )n(.Ri( 8 )i? 4 ) in the second base | 0 ^rir 2 (-Ri) #2, -R3, Ri))- 
Since the decomposition for a tensor product of two sl(N)k representations generally contains 
repeated summands of an irreducible representation, we use r, for its multiplicity label. The 
choice of basis depends on the braiding operator b{ (half-monodromy). In fact, the first basis 
| r4 ) is an eigenstate of braiding operators (b^) acting on the left (right) two strands 

whereas the second basis \ 4 >^ri,r 2 ) is an eigenstate of a braiding operator b^ acting on the mid¬ 
dle two strands. Note that the superscript (+) is for parallel strands, or (—) is for anti-parallel 
strands. The eigenvalue ^2\i-R k r f of a braiding operator b^ depends on the two representa¬ 
tions Ri, Rj before the fusion, the intermediate representation R *. and the multiplicity label r 1 
after the fusion: 


\(±) 

Ri ? Rj j Rk Rt 


{Ri,Rj,R k ,re}q 


±(c Ri +c Rj -c Rk )/2 


(4) 


where Cr denotes the quadratic Casimir of a representation In addition, the phases 

{Ri, Rj, Rk,i'i} = ±1 are called 3j-phases that appear when the two representations Ri and 
Rj are exchanged in the Clebsch-Gordon coefficient: 


(riR k m k \Rimi, Rjnij) = {Ri, Rj, R k , ri}{riR k m k \Rjmj, Rirrii) . (5) 


Furthermore, the first basis is transformed to the second one by the fusion/crossing matrices 


l^l 1 r 3 r 4 ( jR l>- R 2, ^3,-^4)) = E “s. 


r 3 r 4 

rir 2 


s,r 1 , 7-2 


R\ i ?2 

R3 Ri 


l^ 2 rir 2 (-^l) R^i R3, Ri)) 


( 6 ) 


In fact, they satisfy the unitarity 


£■ 

t,rz,T4 


t,r 3 T 4 

s,rir 2 


'Ri 

R2 

t,r 3 r 4 , 

Ri 

R2 

r 3 

R4 

CL 1 / f 

S ,r[r 2 

r 3 

R4 


— S s ,s'^r 1 y i ^r 2 ,r ' 2 ? 


(7) 


so that we also have the inverse relationship 


l^ifrir 2 (-Rl, R 2 , R3, Ri)) = E 

t,r 3 ,r± 


t,r 3 ri Ri 
u s,r 1 r 2 ^ 


R 2 r 

R 4 


l&t^rsrARl’RZ’RZiR*)) ■ 


( 8 ) 


With this setup, let us consider how the multiplicity structure can be used to distinguish 
mutant knots. In the following, we restrict ourselves to the case of either the representation 
R = IT or its conjugate representation R = EP. It is straightforward to generalize the argument 
for more general settings. The tensor product of R (g> R = (21; 0) < 8 > (0; 21) and R® R = 
( 21 : 0 ) < 8 > ( 21 ; 0 ) decomposes as follows: 

(21; 0)0(0; 21) = (0; 0 ) 0 © (1; 1 ) 0 © (1; l)i © (2; 2 ) 0 © (2; 1 2 ) 0 (9) 

©(l 2 ; 2) 0 ®(l 2 ;l 2 )o 0 ( 21 ; 21 )o, 

2 Here we choose the canonical framing rather than the vertical framing used in [4j. 
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( 10 ) 


(21; 0)® (21; 0) = (42; 0) 0 © (2 3 ; 0) 0 © (31 3 ; 0) o © (321; 0) 0 © (321; 0)i 
©(41 2 ;0 )o©(3 2 ;0)o©(2 2 1 2 ;0) 0 , 

where the subscripts 0,1 are multiplicity indices and the irreducible representations (1; 1) and 
(321;0) appear twice in R® R and R® R, respectively^] In these irreducible decompositions, 
one can take the 3j-phases as in Table 0BI Importantly, the 3j-phases for the two identical 
irreducible representations (1; l)o and (1; l)i ((321; 0)o and (321; 0)i) are different, which plays 
a crucial role to detect a mutant pair. 


(t) r 

(0; 0) 

O 

1— 1 

O 

(i; 1)1 

(2; 2) 0 

(2; i 2 )o 

(l 2 ; 2) 0 (l 2 ; l 2 ) 0 

(21;21)o 

I R, R , t, 

r} 

+ 1 

+1 

-1 

+1 

-1 

-1 

+ 1 

+1 

(t) r 

(42; 0) 0 

(2 3 ;0) 0 

(31 3 ; 0) 0 

(321; 0) 0 

(321; 0)i 

(41 2 ; 0) 0 (3 2 ;0)o 

(2 2 1 2 ;0) 0 

{R, R , t, r} 

+1 

+1 

+1 

+1 

-1 

-1 

-1 

-1 


Table 1: 3j-phases for the tensor products of R ® R (upper) and R® R (lower) 


As shown in Figure |3j(a), the mutation M x is realized by acting the braid word b±b 3 1 on a 
state |F) defined by the (4,0)-tangle. Using the braiding eigenvalues Q, it is easy to see that 


E) 


b[ \b[ ) ]- 1 |F> (11) 

E {R, R, i, n}R R, t, r 2 }|^,, r 2 (R, R, R, R))(R, R, R, R) |F) . 

t,ri,r 2 


If (0^ri,r 2 ( jR ’ jR ’- R ’- R )l F ) ^ 0for (bn, r 2 ) = ((1; 1),0,1) or ((1; 1), 1,0) , then we have |F) / |E) 
so that the fjp-colored HOMFLY-PT polynomial can detect the mutation M x . However, the 
special case (cj)[^ i r2 (R,R,R,R) |F) = 0 for (f, ri,r 2 ) = ((1; 1), 0,1) or ((1; 1), 1,0) occurs when 
the two-tangle |F) has a certain symmetry. In fact, the direct computation using the three¬ 
boundary state ( [l7| ) shows that (<f)^ ir2 (R,R,R,R) |F) vanishes for (t,n,r 2 ) = ((1; 1), 0,1) or 
((1; 1), 1,0) in the example considered in [l5| Figure 2]. In addition, it is easy to see that the 
two 3j-symbols in ( |11| ) cancel in the multiplicity-free case r\ = r 2 so that the braiding operation 
behaves as the identity operation. 

In a similar manner, the braid word [b\ ^] _1 ^ 2 + ^[&3 ^] -1 & 2 + ^i brings about the 

mutation M y (Figure [3](b) ), which transforms the state |F) to the state |T). Thus, we have 


IT) = 


([ 4 " 


E 

t,s,ri,r2,r3,r4 


2 ibrr) (i£ j 

{R,R,i,r 1 }{R,R,i,r 2 }a^ 


J 2 K 


'R 

R 

n s;r i: r 3 

R 

R 

R 

R 

u t,r 1 ,r 2 

R 

R 


3 Following jj, we use the composite labelling of the partition associated to an irreducible representation. The 
partition label A = Ai Js A 2 Js • • • ^ \n-\ Js Xn = 0 can be recast in a composite manner, 


(A) = (Ai, A 2 , ■ ■ • , Xn) 

= (M 1 .M 2 ,-” ,Mpi 0,-- - , 0, —v q , ■ ■ • ,-zu) 
= (© v) , 


where p + q ^ N. Here the second line is obtained by subtracting the same integer from each A For example, the 
partition (4, 3, 2 N ~ 4 , 1,0) is equivalent to (2,1, O^ -4 , —1, —2) = (21; 21) by subtracting two from each row. Therefore, 
([9]) can be expressed in the notation of partitions as follows: 

(2,1) (8 {2 N ~ 2 , 1) = 0 © (2, l^" 2 ) © (2, l^" 2 ) © (4, 2 n ~ 2 ) © (3, l^" 3 ) © (4 2 , 2 N ~ 3 ) © (2 2 , l^" 4 ) © (4,3, 2 N ~ 4 , 1) 
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l4n,r 2 (R, R, R, R))(<l>^, n {R, R, R, R)\F) 

= {J2, i, t, t- 2}!^^,^ (^R, ^R, ^)) (0lV 1>ra |F> • (12) 

t,ri,r 2 

From the first to the second line, we apply the Racah backcoupling rule of the fusion matrices 
into the brackets of the first line 


{R, R, t, R, t, r 2 } a t : 


s;r 6,r5 
ri,r 2 


R 

R 


(13) 


E 

u,r$,r 4 


(A«r‘ 


7 s;r 5,r 6 

'?/;r.3 .r,-i 


R 

R 


(a^: 


a. 


t;ri,r 2 

w;r3,r4 


R 

R 


(4; 


(—))—! 
r 2 ) 


and from the second to the third line, we have performed the summation over s,r 3 ,r 4 , which 
results in the exchange of the multiplicity indices r\ and r 2 . Again, we conclude that | FI) 7 ^ |F) 


unless (cj)^ i r2 (R,R,R,R) |F) = 0 for (t,ri,r 2 ) = ((1; 1),0,1) or ((1; 1), 1,0) in (12]). In fact, 
Kinoshita-Terasaka and Conway knots are transformed by the mutation M y (Figure [ 2 ] and 
Figure Q and this is the reason why EP-colored HOMFLY-PT polynomials distinguish them. 


t ; t 1 
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W (J 


u 
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(a) Braiding operation for mutation M x 
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(b) Braiding operation for mutation M y 


Figure 3: Braiding operations for mutations 


It is easy to see that the mutation M z generically does not behave as the identity operation 
in the multiplicity case since it can be realized as the composition of the previous two mutations 
M z = M x M y . Besides, if the side two strands are with parallel orientation in Figure [3] we only 
need to consider the tensor product of R® R (10). Hence, a similar argument can be applied 
for the detection of mutations and we just avoid the repetition. 


2-tangles 

As an illustrative example, We shall consider a mutation on a 2-tangle. Let us write a M y - 
mutant pair |F) and |H) by 


u 1 

F 

U <J 


Y fs,n,r 2 \<!> { s} u r 2 (RiR,RiR)) > 

s,r*i,r 2 


y 1 

d 

w <J 


s,ri,r 2 
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As we have seen, the coefficients are related by (12), namely 


f — l'_1 f 

Js,r I,r2 — V Js,r2,ri ■ 

Hence, it is easy to see that only representations s with multiplicity are relevant, and in this 
situation s = (1; 1). The rest of the coefficients are equal. Hence the difference between tangle 
F and mutant of tangle F will be 

IF) - |-i) = (/(l;l), 0,1 + /(!;!),1, o) £ . 

ri^r-2 

Let us cap each of these tangles with a tangle (G|, which we write 

r\ n 


G 

l l 


9 s,n,r 2 ( c t ) s,r 1 ,r2 (-^> ^)l • 


s,ri,r 2 


Then, the difference between the invariants of the mutant pairs arising from these 2-tangles 
will be 


o o 

G 


F 

yj 


r\ o 

G 


d 

yj yj 


— (/(1;1),0,1 + /(!;!),!,o)(ff(l;l),0,1 + 5 (l;l),l,o) ■ ( 14 ) 


3 Example: Kinoshita-Terasaka and Conway 

In this section, we explicitly evaluate :Jj*-colored HOMFLY-PT polynomials of Kinoshita- 
Terasaka and Conway knots by means of braiding operations on conformal blocks. We refer 
the reader to m Ei in tin E2] for technical details. We will carry out the computation according 
to the quasi-plat representations shown in Figure [I] Although the difficulty lies on the explicit 
expressions for fusion matrices in this method, the fusion matrices for the representation fp 
are delightedly available thanks to the remarkable calculations in |4j. However, the quasi-plat 
representation Figure [4] requires us to define the states incorporating multiplicity indices for 
the three-manifold with three S' 2 boundaries shown in Figure [5^b) . 




Figure 4: quasi-plat representations of the mutant 

First of all, S 2 x I with four strands (Figure |5](a)) is equivalent to the identity operation. 
However, it can be also written by the tensor product of two “ket” states. In fact, bringing a 
“bra” to a “ket” amounts to the conjugation, which involves two 3j-phases: 


|2-bdry) = 


E l4n,r 2 (^^^^)> {<t$ ur2 (R,R,R,R)\ 


(15) 


t,r\,r 2 
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Y {R, R, t, ri}{R, R, t, r 2 }|4. 1 r ) li? , 2 (-R, R, R, R))i \4>tX,n (R> R > R > R )) 


(i) 


2 • 


i,ri,r2 


Since capping the third boundary of Figure [5jb) leads to Figure [5ja), we have 


Y { R , R ,t, ^3}5ri,r 3 \J dinig t 3 (4; 1 r 3 ,ri( jR > R> R, R)|3-bdry) 


t,ri ,7-3 


= X! {-R ) -R ) i J n}{^, J R,i,r 2 }|^ r ) i )7 , 2 (-R, J R,i?, J R))i 1^4^ (R, R, R, R)h ■ (16) 

t,ri,r 2 

Thus, the state |3-bdry) for Figure [5](b) can be defined as 

|3-bdry) = Y n, r 2 , ^^^(R, R, R, R))i\<j>$ 2!r3 {R, R, R, R)) 2 \<j>$ 3> n{ R , R > R > R ))z > 

t,ri,r 2 ,r 3 

(17) 

where 


fl(f,ri,r 2 ,r 3 ) = 


{A, A, t, n}{A, R, t, r 2 }{A, R, t, r 3 } 


V dim <7 1 

Furthermore, it is straightforward to extrapolate it to multi-boundary states as 

nr=i {R,R,iri} 


\n 


■bdry) = Y 


t,r i,--- ,r„ 


(y 7 dim g t ) 


n —2 


l4 1 ir i+1 (R,R ) R,R)) i • 


2=1 


(18) 


(19) 



(a) two boundaries 


(b) three boundaries 


Figure 5: three-manifolds with boundaries 


Now we can write down the formulas for colored HOMFLY-PT polynomials of Kinoshita- 
Terasaka and Conway knots according to Figure |dj By using the Racah backcoupling rule (13), 
the formulas can be simplified as follows: 


Wr(Kkt) = dim, R ^ fi(z, n, r 2 , r 3 ) (A^j^) X ; 


^-3„0;0,0 

'; r 5,r5 


R 

A' 

* 

2;r2,r*3 

A 

A' 

A 

A 

a l',rs,r 5 

A 

A 


(A 


(+) 

R,R\kr Y ,7*4 


2 0 ; 0,0 

a ’ 


A R 
R A 


a 


i\r i ,r 2 
fc;r4,r4 


n(j,r 6 ,r 7 ,r 8 ) (A^jj. srg ) 2 a° ; °’°r 9 


A R 

R R 

A R 
R R 


7 ,re 
- < 's;rg,r9 


A r 
A A 


t;rio,rn 

U j;rg,r 7 


'A 

A 

2;r*i ,7*3 

A 

A 

A 

A 

a j;r8,r6 

A 

A 


n (*> HO, m, ri 2 ) (a£r ;iot J 3 a ^° 4;T . 14 


A 

A 

* 

A 

A' 

A 

A 

u, 2 A;ri 4 ,ri 4 

A 

A 


(A 


-R,-R;itri3 J 


^ii;ri 3 ,ri 3 


'A 

A' 

t;ri2,rio 

A 

A' 

A 

A 

W, 2X;?'13,7'13 

A 

A 


( 20 ) 
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Wr(Kc) = dim q R ^ Q,(i, n, r 2 , r 3 ) (X^ R ; , rs ) 2 a°: 


\ 2 „ 0 ; 0,0 

ir-5,r 5 


R 

R 

* 

i-,r 2 ,r 3 

R 

R 

R 

R 


R 

R 


(A 


(+) ^ 

R,R;kr 4 ' 


-3 0;0,0 


a 


A;;r4,r4 
(-) 


R 

R 

i;ri,V2 

R 

R 

R 

R 

^fe;r4,r4 

R 

R 


^(j,r 6 ,r 7 ,r 8 ) (X^J 2 a° ; °’ 0 rg 


R 

R 

* 

n j^7,re 

R 

R 

R 

R 

, 7*9 

R 

R 


a 


t;rio,m 

‘j;r8,rr 


R 

R 

i;ri,r3 

R 

R 

R 

R 

a j;r 8 ,r 6 

R 

R 


n(t,, r 10 , ni, ri 2 ) (A^ ;wri4 ) 3 a2jP t : 1 0 4)ri4 


R 

R 

* 

£;rn,ri2 

R 

R 

R 

R 

u 'tH;ri4,ri4 

R 

R 


(A 


(+) n -2 0 ; 0,0 

R,R;uri 3 ' u u-,r 13 ,r 13 


R 

R 

t;r 12 ,rio 

R 

R 

R 

R 

u-,ris,ri3 

R 

R 


( 21 ) 


The difference between the two formulas can be seen only in the exponents of the braiding 
eigenvalues with red color. Using the data of the quantum 6j-symbols in [4], one can perform 
the evaluation of colored HOMFLY-PT polynomials. It turns out that this method is com¬ 
putationally efficient and it takes less than 15 minutes with a current desktop computer for 
the evaluation^] The results are given in (25) and (26). Note that the EP-colored HOMFLY- 
PT polynomial of a knot K has the symmetry F^p(K\a,q) = jRp (K-,a,q~ l ) since the Young 
diagram Jp Is invariant under transposition. Indeed, the invariants ( |25| ) and (26) enjoy the 
symmetry. 

It is easy to see that ^-colored HOMFLY-PT polynomial of Kinoshita-Terasaka and Conway 
knots are different where the difference between them can be expressed by 


F^(K K T]a,q) - P,i (I\ c : a. q) = a 5 q 18 (a- l)(a - q 2 )(aq 2 - l)(a - q 3 ) 2 (aq 3 - l) 2 

(q - 1 ) 2 (q 3 ~ 1 ) 2 (q 6 - q 5 + q 4 - q 3 + q 2 - q + l) 2 . (22) 


This difference can be also obtained from (14) where the 2-tangle F and G are depicted in 
Figure [6] Then, it is easy to see from (22) that the sl(2) and sl(3) quantum invariants cannot 


distinguish this mutant pair. 
Jones polynomial 


In particular, at the a = q 2 specialization, they reduce to the 


Jr ( 2 ) (KKT\ q) = Jn m (K C ; q) = \ ^ ^ ^ \ + 2q - 2q 2 + 2q 3 - q 4 . 

q° q° g 4 q A q z 

The difference becomes apparent for N > 3 and especially, at N = 4, it factorizes as 
J^\K KT ; q) - K C ; q) = ~q~ 3 \ 1 - qf{ 1 + g 2 )( 1 - g 3 ) 2 ( 1 - g 6 )( 1 - g 14 ) 2 , 


(23) 


(24) 


which is consistent with the result obtained by Ochiai with the computer software “Knot Theory 
By Computer” [20] j^] 



F tangle G tangle 

Figure 6 


4 A mathematica file for this computation is linked on the arXiv page as an ancillary file. 

5 It was programmed based on the cabling method m- The result is present in na and the change of variable 

q —► q 2 is necessary to see the equivalence. 
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F^p(K K T] a , g) 

—a 3 g -10 (g 20 - 2g 19 + 5g 18 - 9 q 17 + 15g 16 - 20g 15 + 27g 14 - 32g 13 + 38g 12 - 40 q 11 
+42 q 10 - 40g 9 + 38 q s - 32 q 7 + 27g 6 - 20 q 5 + 15g 4 - 9 q 3 + 5g 2 - 2q + l) 
+a 2 g~ 13 (q 26 + 2g 24 + g 23 - 4g 22 + 19g 21 - 32g 20 + 67g 19 - 95g 18 + 142g 17 - 172g 16 
+218g 15 - 228g 14 + 246g 13 - 228g 12 + 218g n - 172g 10 + 142g 9 - 95 q s 
+67 q 7 - 32g 6 + 19g 5 - 4g 4 + g 3 + 2g 2 + l) 

+ag“ 15 ( - 2 q 30 + 2g 29 - 9q 28 + 12g 27 - 27 q 26 + 30g 25 - 58 q 24 + 51g 23 - 89 q 22 

+85 q 21 - 133 q 20 + 102g 19 - 163g 18 + 137g 17 - 186g 16 + 130g 15 - 186g 14 
+137g 13 - 163g 12 + 102g n - 133g 10 + 85g 9 - 89g 8 + 51g 7 - 58g 6 + 30g 5 
—27g 4 + 12g 3 - 9g 2 + 2g - 2^ 

+g -18 (q 35 + 4g 33 - 3g 32 + 15g 31 - 16g 30 + 57g 29 - 61g 28 + 131g 27 - 142g 26 + 248g 25 

—212g 24 + 309g 23 - 229g 22 + 311g 21 - 170g 20 + 263g 19 - 141g 18 + 263g 17 

— 170g 16 + 311g 15 - 229g 14 + 309g 13 - 212g 12 + 248g 14 - 142g 10 + 131g 9 

—61g 8 + 57g 7 - 16g 6 + 15g 5 - 3g 4 + 4g 3 + g) 

+a” 1 g~ 18 ( - g 36 + g 35 - 6g 34 + 8g 33 - 24g 32 + 22g 31 - 54g 30 + 46g 29 - 105g 28 + 80g 27 

-185g 26 + 168g 25 - 347g 24 + 332g 23 - 574g 22 + 547g 21 - 798g 20 + 701g 19 

-888g 18 + 701g 17 - 798g 16 + 547g 15 - 574g 14 + 332g 13 - 347g 12 + 168g n 

— 185g 10 + 80g 9 - 105g 8 + 46g 7 - 54g 6 + 22g 5 - 24g 4 + 8g 3 - 6g 2 + g - l) 

+a" 2 g" 18 (g 36 - g 35 + 6g 34 - 8g 33 + 24g 32 - 21g 31 + 55g 30 - 49g 29 + 105g 28 - 79g 27 

+183g 26 - 157g 25 + 307g 24 - 275g 23 + 488g 22 - 446g 21 + 662g 20 - 567g 19 

+738g 18 - 567g 17 + 662g 16 - 446g 15 + 488g 14 - 275g 13 + 307g 12 - 157g 41 

+183g 10 - 79g 9 + 105g 8 - 49g 7 + 55g 6 - 21g 5 + 24g 4 - 8g 3 + 6g 2 - g + l) 

-a" 3 g' 18 (^g 35 + 4g 33 - 3g 32 + 16g 31 - 16g 30 + 56g 29 - 60g 28 + 130g 27 - 144g 26 

+250g 25 - 239g 24 + 356g 23 - 327g 22 + 431g 21 - 351g 20 + 452g 19 - 368g 18 

+452g 17 - 351g 16 + 431g 15 - 327g 14 + 356g 13 - 239g 12 + 250g n - 144g 10 

+130g 9 - 60g 8 + 56g 7 - 16g 6 + 16g 5 - 3g 4 + 4g 3 + g) 

+a -4 g -15 ^2g 30 - 2g 29 + 9g 28 - 13g 27 + 29g 26 - 30g 25 + 57g 24 - 52g 23 + 84g 22 - 77g 21 

+121g 20 - 107g 19 + 169g 18 - 165g 17 + 213g 16 - 176g 15 + 213g 14 - 165g 13 
+169g 12 - 107g n + 121g 10 - 77g 9 + 84g 8 - 52g 7 + 57g 6 - 30g 5 + 29g 4 

— 13g 3 + 9g 2 — 2g + 2^ 

-a" 5 g" 13 (g 26 + 2g 24 - 3g 22 + 18g 21 - 28g 20 + 61g 19 - 94g 18 + 144g 17 - 178g 16 
+226g 15 - 245g 14 + 264g 13 - 245g 12 + 226g 14 - 178g 10 + 144g 9 - 94g 8 
+61g 7 - 28g 6 + 18g 5 - 3g 4 + 2g 2 + l) 

+a" 6 g~ 10 (g 20 - 2g 19 + 5g 18 - 9g 17 + 14g 16 - 17g 15 + 22g 14 - 25g 13 + 29g 12 - 29g 14 
+30g 10 - 29g 9 + 29g 8 - 25g 7 + 22g 6 - 17g 5 + 14g 4 - 9g 3 + 5g 2 - 2g + l) . 

(25) 
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f^p(K c ;a,q) 

-a 3 g' 10 ( q 20 - 2q 19 + 5g 18 - 9 q 17 + 15g 16 - 20g 15 + 27g 14 - 32g 13 + 38 q 12 - 40g 11 
+42g 10 - 40 q 9 + 38 q 8 - 32 q 7 + 27g 6 - 20g 5 + 15g 4 - 9g 3 + 5g 2 - 2q + l) 

+a 2 g -13 (g 26 + 2g 24 + llg 21 - 18g 20 + 43g 19 - 59g 18 + 93g 17 - 110g 16 + 146g 15 
-148g 14 + 162g 13 - 148g 12 + 146g n - llOg 10 + 93 q 9 - 59 q 8 + 43g 7 
-18g 6 + llg 5 + 2g 2 + l) 

+aq ~ 15 ( - 2 q 30 + 2q 29 - 7 q 28 + 5 q 27 - 15g 26 + llg 25 - 28q 24 + 12g 23 - 43g 22 

+34g 21 - 85g 20 + 59g 19 - 125g 18 + llOg 17 - 166g 16 + llOg 15 - 166g 14 
+110g 13 - 125g 12 + 59g 11 - 85 q w + 34g 9 - 43g 8 + 12 q 7 - 28 g 6 + 11 g 5 
-15g 4 + 5g 3 -7g 2 + 2g-2) 

+q~ 17 (q U - q 33 + 6 q 32 - 3 q 31 + llg 30 - 5g 29 + 31g 28 - 15g 27 + 63g 26 - 47g 25 

+130g 24 - 81g 23 + 169g 22 - 91 q 21 + 185g 20 - 52g 19 + 155g 18 - 41g 17 
+155g 16 - 52 q 15 + 185g 14 - 91g 13 + 169g 12 - 81 q 11 + 130 q 10 - 47 q 9 
+63 q 8 - 15 q 7 + 31 g 6 - 5g 5 + llg 4 - 3 q 3 + 6g 2 - q + l) 

+a~ 1 q- 17 ( - 3g 34 + 3g 33 - 8 q 32 + g 31 - 12g 30 - 13g 29 - 59g 27 + 38g 26 - 144g 25 

+124 q 24 - 294 q 23 + 258 q 22 - 471 q 21 + 411g 20 - 628g 19 + 509g 18 - 690g 17 

+509g 16 - 628g 15 + 411g 14 - 471 q 13 + 258g 12 - 294g n + 124g 10 - 144g 9 

+38g 8 - 59g 7 - 13g 5 - 12 q 4 + q 3 - 8 q 2 + 3g - 3 ) 

+a“ 2 g” 17 (3g 34 - 3q 33 + 8 q 32 - q 31 + 13g 30 + 14g 29 - 3 q 28 + 59 q 27 - 37q 26 + 142g 25 

— 113c/ 24 + 254 q 23 - 201 q 22 + 385g 21 - 310g 20 + 492g 19 - 375g 18 + 540g 17 

-375g 16 + 492g 15 - 310 q 14 + 385g 13 - 201c? 12 + 254c? 11 - 113c? 10 + 142c? 9 

-37 q 8 + 59 q 7 - 3<? 6 + 14c/ 5 + 13g 4 - q 3 + 8 q 2 - 3q + 3 ) 

+a _3 g~ 17 ^ - q 34 + q 33 - 6 q 32 + 3<? 31 - 12g 30 + 5<? 29 - 30g 28 + 14g 27 - 62<? 26 

+49c? 25 - 132c? 24 + 108c? 23 - 216c? 22 + 189<? 21 - 305<? 20 + 233c? 19 - 344c/ 18 
+268<? 17 - 344g 16 + 233c? 15 - 305<? 14 + 189c? 13 - 216<? 12 + 108g n - 132c? 10 
+49<? 9 - 62c? 8 + 14c/ 7 - 30c? 6 + 5<? 5 - 12g 4 + 3 q 3 - 6g 2 + q - l) 

+a -4 g -15 ^2g 30 - 2c? 29 + 7q 28 - 6 q 27 + 17g 26 - ll? 25 + 27 q 24 - 13q 23 + 38 q 22 

—26c? 21 + 73c/ 20 - 64g 19 + 131<? 18 - 138? 17 + 193<? 16 - 156? 15 + 193c? 14 
-138c? 13 + 131c? 12 - 64c? 11 + 73c/ 10 - 26 q 9 + 38g 8 - 13c? 7 + 27? 6 - llg 5 
+17g 4 - 6c? 3 + 7c? 2 - 2g + 2 ) 

-a“ 5 <?~ 13 (<? 2 + q + l) 2 ^g 22 - 2g 21 + 3g 20 - 3g 19 + g 18 + 13g 17 - 40g 16 + 79g 15 
—123g 14 + 171g 13 - 207g 12 + 222g n - 207g 10 + 171g 9 - 123g 8 + 79g 7 
—40g 6 + 13g 5 + g 4 - 3g 3 + 3g 2 - 2g + l) 

+a" 6 g~ 10 (g 20 - 2g 19 + 5g 18 - 9g 17 + 14g 16 - 17g 15 + 22g 14 - 25g 13 + 29g 12 - 29g n 

+30g 10 - 29g 9 + 29g 8 - 25g 7 + 22g 6 - 17g 5 + 14g 4 - 9g 3 + 5g 2 - 2g + l) . 

(26) 
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As a concluding remark, we should mention that it is easy to find infinitely many mutant 
pairs that can be distinguished by ^-colored HOMFLY-PT polynomials. For instance, we can 
add even number of crossings to some part of Figure [fj Furthermore, as we have illustrated 
in section 2, fp-colored HOMFLY-PT polynomials can detect a mutation on a two-tangle |F) 
with ((j)^ i r2 (R,R,R,R) |F) / 0 for (t, r\,r-f) = ((1; 1), 0,1) or ((1; 1), 1,0), and asymmetric 
two-tangles generically obey this condition. The forthcoming paper |12j will give examples 
of mutant pairs which are distinguishable by ^-colored HOMFLY-PT polynomials and those 
which are indistinguishable. In addition, it would be interesting to investigate the conjecture 
j5] that any mutant pair can be distinguished by some HOMFLY-PT polynomials colored by 
Young diagrams with two rows. 

As we have seen, properties of colored HOMFY polynomials with multiplicity structure are 
very different from those in the multiplicity-free cases. The study of HOMFLY-PT polynomials 
colored by non-rectangular Young tableaux are still very limited Ecan DU and the properties 
have not been fully uncovered yet. Presumably, intricate feature behind multiplicity will be 
reflected to higher rank Witten-Reshetikhin-Turaev invariants of three-manifolds, higher rank 
volume conjectures, knot homology colored by general Young diagrams. We hope that our 
results will serve as a stepping stone towards the study of higher rank quantum and homological 
invariants of knots and three-manifolds. 
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